Over the years a number of two-factor interest rate models have been proposed that have formed the basis for the valuation of interest rate contingent claims. This valuation equation often takes the form of a partial differential equation, that is solved using the finite difference approach. In the case of two factor models this has resulted in solving two second order partial derivatives leading to boundary errors, as well as numerous first order derivatives. In this paper we demonstrate that using Green's theorem second order derivatives can be reduced to first order derivatives, that can be easily discretised; consequently two factor partial differential equations are easier to discretise than one factor partial differential equations. We illustrate our approach by applying it to value contingent claims based on the two factor CIR model. We provide numerical examples which illustrates that our approach shows excellent agreement with analytical prices and the popular Crank Nicolson method. 
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Introduction
The fixed income market is one of the largest sectors of the financial markets where billions of dollars worth of assets are traded daily. Over the years a variety of interest rate models, both single-factor and multi-factors have been proposed that have formed the basis for the valuation of fixed income instruments. The most general of the singlefactor interest rate models is the model proposed by Chan et-al (1992) (henceforth CKLS). The CKLS model encloses many of the earlier single-factor models such as that proposed by Vasicek (1977) and Cox et-al(1985b) (henceforth CIR). The main advantage of one-factor models is their simplicity as the entire yield curve is a function of a single state variable. However, there are several problems associated with single-factor models. First, single factor models assume that changes in the yield curve, and hence bond returns, are perfectly correlated. Secondly, the shape of the yield curve is severely restricted. To overcome these limitations a number of two factor models have been proposed, including those by Brennan and Schwartz (1979) , Cox et-al (1985b) amongst others.
Complexity of the underlying stochastic processes used to model fixed income instruments means that except in few specific cases, numerical techniques are necessary.
Widely used numerical techniques include the lattice approach of Cox et-al (1979) , Monte Carlo Simulation of Boyle (1977) and the finite difference approach. The finite difference approach is widely used both in the financial markets and in academia. This approach involves transforming the valuation equation expressed as a partial differential equation into a set of finite difference equations. This set is then solved either iteratively 4 or by elimination to obtain the value of the instruments. Number of researchers including Brennan and Schwartz (1979) , Courtadon (1982) , Hull and White (1990) have applied the finite difference approach to value fixed income instruments. Sorwar et-al (2007) introduced the Box method from the physical sciences and demonstrated by numerical experimentation that the Box method was superior to the finite difference approach for valuing fixed income instruments. In this paper we further develop the approach of Sorwar et-al (2007) to value two factor fixed income instruments. We demonstrate that by avoiding the traditional route of solving two factor valuation equation as suggested by Brennan and Schwartz (1979) and Hull and White (1990) and others, we in fact end up with a simpler valuation problem where only first order derivatives are present. Our approach involves using Green's theorem to convert a surface integral into a line integral, more specifically it allows us to convert a second order derivative into a first order derivative.
In Section 2, we provide a description of the general problem. We then state the valuation equation based on two-factor interest rate models. We then prove using Green's theorem how the valuation equation can be reduced to a form that involves first order derivatives only. We further demonstrate our approach in depth by applying the proposed technique to the two-factor CIR model. We develop the algorithm in depth and illustrate its accuracy by comparing calculated bond prices with analytical bond prices.
In Section 3, we discuss the results. In the final Section we offer conclusions and discuss avenues for future research. 
where x and y are model specific stochastic parameters; The standard approach in finance literature is to discretise equation (3) using finite difference approximations both for the first order and second order derivatives as in Brennan and Schwartz (1979) , Hull and White (1990) etc. Instead of following this traditional route, we generalise the approach of Sorwar et-al (2007) to simplify equation 
Proof: As in Sorwar et-al (2007) we integrate equation (4) 
From Green's theorem, we know that for any two differentiable functions A(x,y) and
where c ij is the boundary of r ij and the line integral is taken in the positive sense. Rewriting equation (7) by letting:
Substituting the right hand side of equation (10) for the first two left hand side terms of equation (6) yields the required equation.
Application to two factor CIR processes
To illustrate our approach, we concentrate on two-factor model of the term structure, set within the CIR framework (1985a, 1985b) . Two dependent state variables x and y determine the nominal instantaneous interest rate r(x,y):
We assume the risk-adjusted factors are generated by independent square root processes as below: (14) by xy gives: Now consider x and y derivatives of equation (15) 
separately in terms of functions P(x)
and Q(y) respectively:
Expanding equations (16) and (17) and integrating gives: 
Thus the original partial differential equation (14) becomes:
Taking the forward Euler-difference for the time derivative in equation (3.13) gives us:
Substituting the above approximation and re-arranging equation (23) yields:
Using Proposition (2.1) allows us to transform equation (25) 
For the line integral noting that dy is zero when moving along the x direction and dx is zero when moving along the y direction we have: We let x, y and  take value on the interval
. To solve the above equation we need to fit the space
. We let x  , y  and t  represent the grid spacing the x, y and  direction respectively, such that: 
Discretising each of the line integrals and simplifying gives: 
Collecting all the terms and re-arranging gives the final matrix equation as: 
Discussion of Results
In Table 1 and Table 2 , we compare numerically evaluated bond prices with analytical bond prices. The maturities of the bonds range from 1 year to 15 years. The face value of the zero coupon bonds are $100. Interest rates ranging from 5% to 9% are considered.
For direct comparison with analytical bond prices the correlation coefficient is zero.
Further we alter the annual number of time steps from 20 to 50. This variation serves as a check on the stability of the numerical scheme.
In Table 3 to Table 6 we compare American call and put prices calculated using the Box Method and the Crank-Nicolson method based on time step of 1/50 per year. In Table 3 to Table 4 we focus on short expiry options, whereas in Table 5 -Table 6 we focus on long dated options.
Examining Table 1 and Thus, as the short-term interest rates and the term to maturity of the bonds increase, bond prices decline. From Table 3 - Table 6 we find that Box call options are always higher than Crank Nicoslon call prices and Box put are always lower than Crank Nicolson puts.
This discrepancy is larger for longer maturity options. Given the evidence in TableTable 2 , it is likely that the Crank-Nicolson method is marginally less accurate than the Box method for longer expiry options.
Conclusion
This paper focuses on the valuation of two factor interest rate, contingent claims. By expanding the earlier work of Sorwar et-al (2007) , this paper proposes a more elegant technique based on Green's theorem to solve the valuation equation.
Further this paper illustrates how the proposed technique can be applied in the case of a specific two-factor model. Concentrating on the two factor CIR model, this paper illustrates the steps necessary to develop the system of equations needed to value the contingent claims. Numerical experimentation shows excellent agreement between analytical CIR bond prices and computed CIR bond prices.
14 Over the years a large number of two factor interest rate models have been proposed, many of which do not lead to analytical contingent claim prices. The proposed Box method offers an easy and quick route to examine the pricing implications of these models. These implications remain the avenue of future research.
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